
 
Productsotbgoups

Def let H and K be subgroups of G Define

HK hk heh kek

Note that It c Hk and KEHK but HK is not necessarily
a subgroup of G e.g 12 23 1 121,1237 123

which has order 4 and is thus hot asubgroup of Ss

If G is abelian then hk h k hh Kkk c HK so

HK EG In fact it is a subgroup in a moregeneral
setting

Them HKEG HK KH

PI If HKEG Tum V HEH ke k we know

h l hcHK and I k kEHK so theHK Thus
KHE HK

For the reverse containment if hkeHK then hk cHK
so hk t h k some h cH k cK

Thus hk Chik ki hi cKH so HK KH

For the converse assume HK KH



Let a be HK We want to show ab c Hk

let a hk b haka Then ab h k ki hi h hook cHK
in
KH HK HKEG D

Notethat HK KH does not mean elements of H commute w

elements of K It just means we can write hk as

hk K'h for some K'cK h EH

Eor If KEG then Hks G for any HEG

Ifi Assume KEG HK heyhK Ukh KH HKEG D
f heh

normality

If G is finite how many elementsdoes HK have

HK is the union of cosets but some of those costs may be

equal
h K hake hi hak some ko k

h ih.tk
hi h e Hnk s h Hnk h Hnk

So the number of distinct sets in the union is

IHI
1 by Lagrange's theorem Since each coset



has 1kt elements

lHk lH
HAKI


